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Abstract
Quantum M-theory is formulated using the current algebra technique. The current algebra is based on
a Kac-Moody algebra rather than usual finite dimensional Lie algebra. Specifically, I study the E11 Kac-
Moody algebra that was shown recently[1] to contain all the ingredients of M-theory. Both the internal
symmetry and the external Lorentz symmetry can be realized inside E11, so that, by constructing the
current algebra of E11, I obtain both internal gauge theory and gravity theory.
The energy-momentum tensor is constructed as the bilinear form of the currents, yielding a system
of quantum equations of motion of the currents/fields. Supersymmetry is incorporated in a natural way.
The so-called “field-current identity” is built in and, for example, the gravitino field is itself a conserved
super-current. One unanticipated outcome is that the quantum gravity equation is not identical to the
one obtained from the Einstein-Hilbert action.
1 Introduction
Peter West and his coworkers[1] have recently shown that a non-linear realization of the E11 Kac-Moody
algebra contains all the ingredients of M-theory. In particular, it contains 11-dimensional supergravity which
is formulated in the normal Lagrangian scheme[2].
Here I will present a quantum theory version of their theory. I perform the quantization using neither
the customary path integral method nor Heisenberg’s canonical commutation relation method. Instead, I
employ the current algebra method that I developed some time ago[3]. The usual canonical commutation
(or anti-commutation) relations pertain among extensive variables, but the current algebra method utilizes
intensive variables -currents- to set up commutation relations. Therefore, the algebra is based on the sym-
metry of the physical system described by a Lie algebra or its extension - a Kac-Moody algebra. In fact, as
I will show later in this paper, the idea of current-field identity[4] is built into our formalism, so that the
commutation relations I adopt are both canonical and Lie algebraic (or rather Kac-Moody algebraic).
Some examples of the field-current identity in our case are: (1) the gravitino field integrated over space
yields the supersymmetry generator; (2) the space integral of the spin connection provides the Lorentz gen-
erator in the flat tangent space; and, (3) the space integral of the elfbein field is the energy-momentum in
the tangent space.
Another important aspect of utilizing intensive variables is that I have no way to write down a local La-
grangian in terms of these variables. How, then, can I derive quantum equations of motion without the
Lagrangian? This is where the Schwinger commutation relationcamong energy-momentum tensor comes
in. Historically, Schwinger[5] derived these relations in his 1963 papers assuming existence of a certain
Lagrangian for the extensive variables. I assume his commutation relations are valid generally even when
∗E-mail: hirotaka.sugawara@oist.jp.
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energy-momentum is written in terms of intensive variables such as currents, a well understood situation in
two dimensional conformal theories such as string theory, where the Virasoro algebra is a two-dimensional
version of the general Schwinger commutation relations.
Schwinger noticed in his second 1963 paper that: (1) the commutation relations are valid in curved space
with some background metric; and (2) only the first derivative of the delta function appears if the fields are
limited to spin 0, 1/2 and 1. He explicitly proves that the third derivative of the delta function appears
if spin 3/2 is included, and comments that the commutation relation is not valid when the spin 2 particle
-graviton- is present. With these facts in mind I assume that the 11-dimensional energy-momentum tensor
Θµν(x) satisfies:
[Θ00(x),Θ00(y)] = −i{Θ0M )x) + Θ0M (y)}∂Mδ(~x− ~y) (1)
where M ranges from 1 to 10 and ~x represents the space components of the 11-dimensional vector x. The
commutation relation is valid at any point in the curved 11-dimensional space-time but I take the frame
where the background metric is flat at that point x:
gµν(x) = ηµν = diagonal (−1, 1, . . . , 1).
The question then arises: how can the gravitational spin 2 field be incorporated assuming equation (1), which
seems to be valid only for spin 0, 1/2 and 1? In fact, Schwinger asserts[5] that I must add:
∂k ∂l ∂
′
m∂
′
nδ(x− x′)fkl,mn(x),
to equation (1) when there is a spin 3/2 particle in the system. The exact two-dimensional case, the Virasoro
algebra, is known to contain such a higher derivative term.
The answer is that my theory contains vector current only, and the gravitational field is a composite field of
these vectors. Even in the ordinary formulation of gravity theory, one can write the metric tensor in term
of the vierbein, a vector in curved space-time. In my case the relation is not merely technical but instead
fundamental, in the sense that I do not assume the existence of a gravitational action written in terms of a
metric tensor; the Spin 2 field is fundamentally composite.
All the currents correspond to generators of E11 or of its extension to be defined later. More precisely,
the time component of each current, when integrated in 10-dimensional space, yields the E11 generator.
The energy-momentum tensor is expressed as the bilinear form of these currents and it is proven to satisfy
the above Schwinger commutation relation. More precisely, the commutation relations among currents are
constructed to satisfy the Schwinger commutation relation. Although for convenience I write the current
commutation relations at a point where the metric is taken to be locally diagonal ηµν = diagonal(−1, 1...., 1),
they are valid in all of curved space-time.
The derived equations of motion are demonstrated to emerge in a generally covariant and locally Lorentz
covariant way.
According to V. Kac[6], there are four ways to generalize the Lie group (algebra) to infinite set of gener-
ators: group of diffeomorphism; current algebra; algebra of operators in Hilbert space; and the Kac-Moody
algebra. Mathematically speaking what I will be doing here is to combine two of the infinite extensions of
the Lie algebra: current and Kac-Moody. In this sense I will be doubly extending the Lie algebra. The
Kac-Moody part extends the symmetry of the physical system to an infinite dimensional algebra and the
central extension (current algebra part) guarantees that the theory is a quantum field theory. E11 is a very
extended algebra of the Lie algebra E8, which is the largest gauge symmetry algebra encountered in some
supergravity theories.
Figure 1: Dynkin diagram of E11
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The Dynkin diagram of E11 is shown in Figure 1 and it is obtained by lengthening the horizontal line of
E8 by 3 units. Lengthening by 1 unit yields the over extended algebra E9, which is an affine algebra with
vanishing determinant of the Cartan matrix. Lengthening by 2 units yields the very extended algebra E10,
which is Lorentzian with a negative value of the determinant of the Cartan matrix. [Over-extended algebra
E11 is given by lengthening by 3 units in the horizontal direction.] E11 is the only algebra among the above
that which contains an obvious Lorentz algebra O(10, 1) as its subalgebra. Another way to look at the E11
Dynkin diagram is to start from A(11) diagram, which is a horizontal line with 10 points, and to add a
vertical line at the 8th position. A(11) contains O(10, 1) as its subalgebra. Serre’s theorem[7] shows that the
multiple commutators of E11 Chevalley generators given by the above Dynkin diagram do not finitely close
thus leading to an (infinite) Kac-Moody algebra.
P. West and his collaborators[1] noticed that E11 by itself does not contain all the ingredients needed for
construction of M-theory. The most important missing element is the elfbein eaµ(x). They therefore extended
the algebra by grading. The graded algebra is composed of E11 and its vector representation l(1). The
commutation relation between the l(1) components and the E11 generators are dictated by the fact that
l(1) is a representation of E11 together with the assumption that the commutation relations among the l(1)
components vanish. Thus a generator corresponding to eaµ(x) resides within l(1). I need one more grading to
super-symmetrize the theory. I assume there is an E11 representation sp(1) that behaves as a spinor repre-
sentation under its subgroup O(10, 1). The commutation relation between the components of sp(1) and the
E11 generators are determined by the representation matrix of sp(1). The anti-commutation relation among
the sp(1) components will be set up to be consistent with the supersymmetry.
The gravitino field ψαµ (x) corresponds to a generator within sp(1).
P. West and his collaborators(1) depend heavily on a non-linear realization of the E11 algebra; however,
the non-linearity is unimportant to my development of a quantum version of their theory.
For each generator Ga of the algebra E11 × l(1) × sp(1) there corresponds a current Jaµ(x) that satisfies
the commutation relation:
[Ja0 (x), J
b
0(y)] |x0=y0 = ifabcJc0(y)δ(~x− ~y) (2)
[Ja0 (x), J
b
N (y)] |x0=y0 = ifabcJcN (y)δ(~x− ~y) + iCδab∂Nδ(~x− ~y) (3)
[JaM (x), J
b
N (y)] |x0=y0 = 0 for M,N 6= 0. (4)
fabc is the structure constant of the algebra E11 × l(1)× sp(1) and is given by
[Ga, Gb] = ifabcGc. (5)
When I consider the sp(1) generators, the commutators among them must be changed to anti-commutators.
The local commutation relations (2), (3) and (4) are assumed to be valid in the entire 11-dimensional
curved space-time, but this particular form is valid at a point where the background metric is diagonal:
ηµν = diag(−1, 1, · · · , 1). I observe that these commutation relations indicate not only the local symmetry
of the system but also the quantum nature of the theory, especially equation (3) where the quantum nature
is indicated by the derivative term. These commutation relations also imply a dual quality, extensive and
intensive, for the current/field Jaµ(x). The symmetry property is attributed to the intensive character and
the quantum field property is described by the derivative term with constant C.
I measure the space-time coordinate by some fundamental length 1 and so all the quantities appearing
in equations (2), (3), (4) and (5) are dimensionless, including the constant C. One of the most important
aspects of the above (anti)commutation relations is that they include a fermion (gravitino) in the system with
the same value of the constant C. Note that usual Dirac particle yields a divergent term for this derivative
term.
I define
Ωµ(x) = J
a
µ(x)G
a (6)
3
and write
Θµν(x) =
1
C
[tr(ΩµΩν)− 1
2
ηµνtr(ΩρΩρ)]
=
1
C
[Jaµ(x)J
a
ν (x)−
1
2
ηµνJ
a
ρ (x)J
a
ρ (x)]. (7)
tr(GaGb) = δab and Jaρ (x)J
a
ρ (x) in fact means η
oσJaρ (x)J
a
σ(x).
Then, as is shown in my old paper(3), the Θµν(x) satisfies the Schwinger commutation relation written in
equation (1).
For the purpose of a non-linear realization of the currents (inessential here), I can define,
g = exp(φa(x)Ga)
and
Ωµ(x) = J
a
µ(x)G
a = g−1∂Mg. (8)
φa(x) is the scalar field (tangent space spin 1/2 field in case of fermion) in the curved space-time and, with
this non-linear realization, the entire theory can be described by the scalar and spinor field.
The quantum equations of motion for the current Jaµ(x) are all derived from:
− i∂µJaν (x) = [Pµ, Jaν (x)] (9)
with
Pµ =
∫
Θ0µ(x)d~x. (10)
In passing, I should note that gravity is described by the vector field elfbein eaµ(x) and the connection fields
kabµ (x) rather than the metric field gµν(x) which is simply defined as a composite field:
gµν(x) = e
a
µ(x)e
a
ν(x). (11)
Our gravity theory is therefore fundamentally a vector theory in the curved space-time.
2 E11 algebra and its representations
Here I summarize the minimum background on E11 algebra required for later sections. Most of the equations
in this section, except for the supersymmetry part, are found in the textbook by P. West[8]. First, the Dynkin
diagram in Figure 1 gives the following Cartan matrix:
A(E11) =

A10 0
0
0
0
0
0
0
−1
0
0
0, 0, 0, 0, 0, 0, 0,−1, 0, 0 2

(12)
where A10 is the Cartan matrix for the A(10) (or SU(11) or SL(11)) algebra with matrix elements
aii = 2, ai,i+1 = ai+1,i = −1 for i = 1, . . . , 9.
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I have, therefore,
detA(E11) = −detA(A7) detA(A2) + 2 detA(A10) = −2 (13)
showing that E11 is Lorentzian: exactly one of the eigenvalues of Cartan matrix is negative. The above
Cartan matrix gives the following system of simple roots αa (a = 1, . . . , r; r being the rank; r = 11 in this
case), which is defined by the following condition on the inner products among simple root vectors:
(αa, αb) = A(E11)ab. (14)
Each point (node) on the Dynkin diagram corresponds to one of the simple roots; all the points on the
horizontal lines correspond to the simple roots of A(10), which are given by:
αa = ea − ea+1, a = 1, . . . , 10 (15)
where ea constitutes an orthonormal system in the 11-dimensional Euclidean space. The last simple root
corresponding to the [exceptional] node on top of the vertical line on the Dynkin diagram of Figure 1 is given
by:
αc = −λ8 + x (16)
where A(10) fundamental weight system {λa} is defined by:
(αa, λb) = δab (17)
with the solution:
λa =
a∑
j=1
ej − a
11
∑
j=1
11ej . (18)
I also get
(A−110 )ab = (λa, λb) =
a(11− b)
11
; b ≥ a. (19)
From (16) and (18) together with the definition of the Cartan matrix, I get
2 = (αc)
2 = (λ8 + x)
2 = 24/11 + x2, x2 = −2/11, (20)
indicating the Lorentzian nature of the E11 root space.
For each simple root, I have three sets of Chevalley generators Ha, Ea, and Fa satisfying:
[Ha, Hb] = 0 (21.1)
[Ha, Eb] = A(E11)abEb (21.2)
[Ha, Fb] = −A(E11)abFb (21.3)
[Ea, Fb] = δabHb. (21.4)
All the other generators of E11 are obtained as multiple commutators of these Chevalley generators according
to the Serre theorem, but the system does not close and the number of generators is infinite.
Some other generators
Some other generators than Chevalley’s can in principle be obtained by multiply commuting the Chevalley
ones but it is not practical. I must take a different path. First, all the other generators correspond to either
positive or negative roots are defined by
± α(l,m) = l(λ8 + x) +
r−1∑
j=1
mjαj . (22)
Here, r is the rank of A10, namely r = 11. The whole set of generators gives the adjoint representation of E11,
and the weight system of the adjoint representation is also given by equation (22) which contains not just the
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adjoint representation of A(10) but other representations. Suppose that the highest weight representation
with the highest (lowest) weight given by
Λ =
10∑
a=1
paλa (23)
is included in the adjoint representation. Then I obtain
10∑
a=1
paλa = l(λ8 + x) +
r−1∑
a=1
maαa. (24)
This leads to ∑
pa(λaλb) = (λ8, λb) +mb. (25)
With equation (19), I get, switching the notation from (a, b) to (i, j),∑
i<j
ipi(11− j) +
∑
i≥j
jpi(11− i) = −8l(11− j) + 11mj for 8 ≤ j (26)∑
i<j
ipi(11− j) +
∑
i≥j
jpi(11− i) = −3jl + 11mj for 8 ≥ j. (27)
The right hand sidehas opposite sign for the negative highest weight. I investigate these constraints for the
lowest weight. For each level l = 1, 2, 3, . . . , I can write equations:
(0) level 0 i.e. l = 0 case:
All the generators of A(10) algebra.
(1) level 1 i.e. l = 1 case:
For j = 1, I have ∑
i≥1
pi(11− i) = 3− 11m1. (28.1)
For j = 10, I get ∑
i≤10
ipi = 8− 11m10. (28.2)
By adding these equations I get ∑
i≤10
pi = 1− (m10 +m1). (28.3)
The only solution is
p8 = 1 and all the other pi = 0 and m10 = m1 = 0. (28.4)
(2) level 2 i.e. l = 2 case:
For j = 1, ∑
i≥1
pi(11− i) = 6− 11m1. (29.1)
For j = 10, ∑
i≤10
ipi = 16− 11m10. (29.2)
By adding these equations, I get ∑
i≥1
pi = 2− (m1 +m10). (29.3)
The only solution is
m1 = 0, m10 = 1, p5 = 1. (29.4)
(3) level 3:
Similarly I get as the only solution
p2 = p3 = p10 = 1. (30)
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In tensor notation, the A(10) representation with Dynkin index pi = 1 corresponds to the antisymmetric
tensor T 11−i, thus the level 1 generator is the 3rd rank antisymmetric tensor T abc and the level 2 generator
is T abcdef . The level 3 generator is T abcdefgh,i with the constraint
T abcdefgh, i = 0.
I list all the commutators up to level 3.
Level 0 generators:
[Kab , K
c
d] = δ
c
bK
a
d − δadKcb . (31.1)
Level 1 generators:
[Kab , R
cde] = δcbR
ade + δdbR
aec + δebR
acd = 3 δ
[c
b R
ade]. (31.2)
Level 2 generators:
[Kab , R
cdefgh] = 6 δ
[c
b R
adefgh]. (31.3)
Level 3 generators:
[Kab , R
cdefghij,k] = 8 δ
[c
b R
adefghij],k + δkbR
cdefghij,a. (31.4)
Commutators of level 1 generators yield level 2 generators:
[Rabc, Rdef ] = 2Rabcdef , (31.5)
and level 1 and 2 commutators will give level 3 generators:
[Rabc, Rdefghi] = −3Rdefghi[abc]. (31.6)
Positive and negative generators have commutators:
[Rabc, Rdef ] = 18 δ
[ab
[deK
c]
f ] − 2 δabcdefD (31.7)
where
D =
11∑
b=1
Kbb , δ
ab
de =
1
2
[δadδ
b
e − δbdδae ]. (31.8)
Cartan involution invariant subgroup of E11
Corresponding to the Cartan involution:
Ea −→ −ηaaFa, Fa −→ −ηaaEa Ha −→ −Ha, (32)
I have the invariant subalgebra composed of the following generators:
Kab = K
c
bηac −Kcaηbc. (33)
This is either SO(11) or SO(10, 1) depending on whether η is Euclidean or Lorentzian. I assume Lorentzian
for the obvious reason.
Other generators include
Sabc = R
defηdaηebηfc −Rabc. (34)
These satisfy the following commutation relations:
[Kab, Kcd] = ηbcKad − ηdaKcb − ηbdKac + ηcaKdb (35.1)
[Kab, Scde] = (ηbcSade + ηbdSaec + ηbeSacd)− (a←→ b) (35.2)
[Sabc, Sdef ] = −18 δ[ab[de Kc]f ]Sabc. (35.3)
In equation (35.3), Kcf must be understood as ηfgK
cg rather than the original Kcf which is not Cartan
reflection invariant. In this paper I concentrate on a few low level generators since the purpose of the work
is to demonstrate the general methods of the current algebra formulation with some essential components
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to describe the gravity and the gauge theory that originate in M-theory. Thus I consider only the level 0
operators Kab, which constitute the adjoint representation of the A(10) algebra; and the level 1 generator
T abc, which seems to appear in the Lagrangian formulation of 11-dimensional supergravity[2]. From the
physics point of view I will use the Cartan reflection invariant part Kab to define the gravitational connection
field, thus making the connection a genuine gauge field. I need one more gauge field, the elfbein, to describe
11-dimensional gravity; the corresponding generator is not found among the above operators. The authors
of reference (1) found this operator in the l(1) representation of E11, as will be described bellow. Physically
speaking, this operator can be characterized as the energy-momentum operator in the 11-dimensional tangent
space. Thus the elfbein is the gauge field corresponding to the tangent-space energy-momentum. To describe
11-dimensional supergravity, I need one more grading of E11. The representation must include the 11-
dimensional spinor representation because the supersymmetry operator belongs to the spinor representation.
Corresponding to this spinor operator, I have a gauge vector field in the curved space-time; this is none other
than the gravitino field.
l(1) representation
The fundamental weight of E11 can be written as:
Λj = λj +
x
x2
(λ8, λj), Λ11 = x/x
2 (36)
using
(λ8, λ1) = (
8∑
j=1
ej − 8
11
11∑
j=1
ej , e1 − 1
11
11∑
j=1
ej)
= 1− 8/11− 8/11 + 8/11
=
3
11
and
x2 = −2/11,
I have
Λ1 = λ1 − 3
2
x. (37)
l(1) representation is defined to be the highest weight representation with highest weight Λ1. Corresponding
to the weights Λ1 I have the tensor P
a1,...,a10 . Define
Pa =
1
10
a1...a10p
a1...a10 (38)
This operator can be called the energy momentum in the tangent space. The corresponding gauge field must
be the vector in both the curved space-time and in the tangent space. It must be the elfbein field for the
11-dimensional gravity.
I can determine some other operators in l(1) as follows, obtaining weights successively as
| Λ1〉, | Λ1 − α1〉, | Λ1 − α1 − α2〉, | Λ1 − α1 − · · · − α8 − α9〉,
. . . , | Λ1 − α1 − · · · − α8 − α11〉. (39)
The first 9 weights in the above series belong to the same representation of A(10) but not the last one:
Λ1 − α1 − · · · − α8 − α11
= λ1 − 3
2
x− α1 − · · · − α8 − (−λ8 + x)
= λ1 + λ8 − α1 − · · · − α8 − 5
2
x
= e1 − 1
11
11∑
j=1
ej +
8∑
j=1
ej − 8
11
11∑
j=1
ej − e1 + e9
= λ9 − 5
2
x. (40)
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Λ9 corresponds to the second rank tensor Z
ab.
Next,
λ9 − α11 = λ9 + λ8 − 7
2
x
=
9∑
j=1
ej − 9
11
11∑
j=1
ej +
8∑
j=1
ej − 8
11
11∑
j=1
ej − 7
2
x
=
6∑
j=1
ej − 6
11
11∑
j=1
ej + e7+8 − e10+11 − 7
2
x. (41)
I also have,
e7+8 − e10+11 = α7 + 2α8 + 2α9 + α10. (42)
Subtracting this from (41), I get,
λ9 − (α7 + 2α8 + 2α9 + α10)− α11 = λ6 − 7
2
x. (43)
This λ6 corresponds to Z
abcde. I can go one more step further in the process:
λ6 + λ8 − 9
2
x =
6∑
j=1
ej − 6
11
11∑
j=1
ej +
8∑
j=1
ej − 8
11
11∑
j=1
ej − 9
2
x. (44)
This can be either (1)
4∑
j=1
ej − 4
11
11∑
j=1
ej +
10∑
j=1
ej − 10
11
11∑
j=1
ej + (e5+6 − e9+10)− 9
2
x (45)
or
λ3 + α4 + 2α5 + 3α6 + 3α7 + 3α8 + 2α9 + α10 − 9
2
x. (46)
The former corresponds to Zabcdefg,h and the latter to Zabcdefgh. One more step:
λ3 + λ8 − 11
2
x =
3∑
j=1
ej − 3
11
11∑
j=1
ej +
8∑
j=1
ej − 8
11
11∑
j=1
ej − 11
2
x (47)
yields the regular representation. The Lie algebra E11 can be graded as follows: Corresponding to the
representation
u(A) | Xs〉 = −D(A)st | X1〉, (48)
I define the operators
[Xs, A] = −D(A)stXt, (49)
and, in this particular case of l(1), I assume:
[Xs, Xt] = 0. (50)
I thus consider E11 ⊕ l1.
The commutators are:
[Kba, Pc] = −δbcPa + δbaPc (51)
[Kba, Z
cd] = 2 δ[ca Z
bd] + 1/2 δbaZ
cd (52)
[Kba, Z
cdefg] = 5 δ[ca Z
bdefg] + 1/2 δbaZ
cdefg. (53)
Equation (51) gives
[Kab, Pc] = −ηbcPa + ηacPb. (54)
Of the l(1) generators, in this paper I will be concerned only with Pa.
9
Spinor representation and the supersymmetry
I do not have much understanding of the spinor representation of E11. Here, I simply assume its existence
and compute the necessary commutation relation in applying it to physics. One of the A(10) representations
of E11 spinor representation is denoted as Ψ and satisfies the following commutation relation with Cartan
reflection invariant O(10, 1) generators, Kab:
[Kab, Ψ
α] = χαβ,abΨ
β , [Sabc, Ψ
α] = ζαβ,abcΨ
β . (55)
The structure constants χαβ,ab will be calculated in the Appendix. The calculation of the constants ζ
α
β,abc is
not done in this paper.
Ψα’s are Fermionic operators and obey anti-commutation relations:
{Ψα, Ψβ} = −2PaΓαβ,a + ξαβ,abcSabc + . . . . (56)
The first term looks like usual 11-dimensional supersymmetry algebra and the second term indicates a pos-
sible “central charge.” The most important difference from the usual supersymmetry algebra is the energy-
momentum operator Pa rather than the energy-momentum in curved space-time given in equation (7) as the
bilinear of the currents. In our formulation, the supersymmentry algebra is a subalgebra of the algebra:
E11 ⊗ l(1)⊗ sp(1) (57)
where sp(1) is a spinor representation of E11.
3 Derivation of the quantum equation of motion
I am now ready to write down the equation of motion for the currents of E11 ⊗ l(1) ⊗ sp(1) algebra. I
restrict myself in this paper to four types of currents corresponding to Kab, P a, Sabc and Ψa . The first two
describe the 11-dimensional gravity: Sabc is the anti-symmetric tensor needed to describe the 11-dimensional
supergravity, and Ψα for the supersymmetry.
In this approximation, I have
Ωµ(x) = J
a
µ(x)G
a = g−1∂Mg
= kabµ (x)Kab + e
a
µ(x)Pa +B
abc
µ (x)Sabc + ψ
α
µ (x)Ψα + . . . . (58)
The necessary local commutation relations can be obtained by using the general formula equations (2), (3),
(4), and (5), together with all the symmetry algebra derived in the previous section.
I get, for the commutators that include at least one eaµ(x):
[kab0 (x), e
c
µ(y)]|x0=y0 = (−ηacebµ(y) + ηbceaµ(y))δ(~x− ~y),
for µ = 0, 1, . . . , 9, 10, (59.1)
[kabM (x), e
b
N (y)]|x0=y0 = 0 for M 6= 0, (59.2)
[ea0(x), e
b
N (y)]|x0=y0 = iCηab∂Nδ(~x− ~y) for N 6= 0, (59.3)
[ea0(x), e
b
0(y)]|x0=y0 = [eaM (x), ebN (y)] |x0=y0= 0 for M,N 6= 0. (59.4)
Hereafter the capital Roman letters M,N, . . . range from 1 to 10 (space components) as above.
The commutators for the O(10, 1) gauge fields kab are:
[kab0 (x), k
cd
0 (y)] = (η
bck0
ad − ηdak0bc − ηbdk0ac + ηcakodb)δ(~x− ~y) (60.1)
[kab0 (x), k
cd
M (y)] = (η
bckM
ad − ηdakMcb − ηbdkMac + ηcakMdb)
δ(~x− ~y) + iC(ηcaηbd − ηcbηad)∂Mδ(~x− ~y) (60.2)
[kabM (x), k
cd
N (y)] = 0. (60.3)
The commutators that include Bµ
abc(x), are given by:
[Babc0 (x), Bµdef (y)] = −18 δ[ab[dekc]µf ](x)δ(~x− ~y) + 6 iCδabcdef∂µδ(~x− ~y) (61.1)
[BabcM (x), BNdef (y)] = 0 (61.2)
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[kµ
ab(x), B0
cde(y)] = [k0
ab(x), Bµ
ced(y)]
= {(ηbeBµade(x) + ηbdBµaec(x) + ηbeBµacd(x))− (a←→ b)} δ(~x− ~y) (61.3)
and
[kM
ab(x), BN
cde(y)] = 0. (61.4)
Finally, the (anti-)commutators, include the supersymmetry gauge field (current) or gravitino field, are:
[kab0 (x), ψα,µ(y)] = [k
ab
µ (x), ψα,0(y)] = χα
β,abψβ,µ δ(~x− ~y) (62.1)
{ψα,0(x), ψβ,0(y)} |x0=y0= −2 ea0(x)Γaαβ δ(~x− ~y) (62.2)
{ψα,0(x), ψβ,M (y)} |x0=y0
= −2 eaM (x)Γaαβ δ(~x− ~y) + iCδαβ∂M δ(~x− ~y) (62.3)
{ψα,0(x), ψβ,M (y)} |x0=y0
= −2 eaM (x)(ΓaC˜−1)αβ δ(~x− ~y) + i C(C˜−1)αβ∂M δ(~x− ~y) (62.4)
{ψα,0(x), ψβ,M (y)} |x0=y0
= −2 eaM (x)(ΓaC˜βα δ(~x− ~y) + i CC˜βα∂M δ(~x− ~y) (62.5)
{ψα,M (x), ψβ,N (y)} |x0=y0= 0. (62.6)
C˜ in the above equations is the charge conjugation operator, not to be confused with constant C.
One caution is that all these commutators are for the anti-hermitian operators, since I omit “ i ” in these
commutators in constant to equation (2) or (3).
The equations of motion are derived using the above local commutators together with equations (8), (9),
(10) and (11). I list the result of calculations:
(1) Equations for the internal energy- momentum gauge field/current or the elfbein field eaµ(x):
Daµce
c
ν −Daνcecµ = 0 (63.1)
with
Daµc = δ
a
c ∂µ +
i
2C
kaµc(x). (63.2)
I also have a consistent condition that:
kbcµ (x)(η
baecν(y)− ηcaebν(y) must be antisymmetric in µ and ν. (63.3)
Lastly, I get the conservation law:
∂0e
a
0 − ∂MeaM = 0. (63.4)
(2) Equation for the O(10, 1) gauge field/current or the connection field kµ
ab(x):
Dcd,abµkνab(x)−Dcd,abνkµab(x)
=
i
c
(ecµ(x)e
d
ν(x)− edµ(x)ecν(x))−
i
2c
{ηbcBνade − (a←→ b)}Bµabe(x)
− i
2c
(χβ,cdα ψβ,νψα,µ(y)− (µ←→ ν)) (64.1)
with
Dcd,abµ = η
caηdb∂µ − i/2(ηbckµad − ηdakµcd). (64.2)
Consistent conditions are:
(ηbckµ
ad − ηdakµcb − ηbdkµac + ηcakµdb)kνcd must be antisymmetric in µ, ν. (64.3)
{ηbcBνade − (a←→ b)}Bµcde(x) must be antisymmetric in µ←→ ν. (64.4)
χβ,abα ψβ,γψα,µ(y) must be anti-symmetric in µ←→ ν. (64.5)
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I also get the conservation law:
∂0k
ab
0 − ∂MkabM = 0. (64.6)
(3) Equation for the antisymmetric gauge field/current Babcµ (x):
∂µB
abf
ν (x)− ∂νBabfµ (x)
=
i
C
(k[fµe B
ab]e
ν − (µ←→ ν)) +
i
C
ξβ,abfαψ
α
µ(x)ψβ,ν(x) (65.1)
with the constraint condition
ξβα, abcψ
α
µ(x)ψβ,ν(x) must be antisymmetric in µ←→ ν. (65.2)
I have the conservation law
∂0B
abf
0 (x)− ∂MBabfM (x) = 0. (65.3)
(4) Finally, I get the equation for the supersymmetry gauge field/current or the gravitino field:
∂µψαν(x)− ∂νψαµ(x) = i
C
(2eaν(x)Γ
a
αβψβ,µ(x)
+
1
2
χα
β,cdkµcd(x)ψβ,ν(x)) +
i
6C
ζβ,cdeαψβ,ν(x)Bµcde(x). (66.1)
The consistent conditions are:
2eaν(x)Γ
a
αβψβ,µ(x) +
1
2
χα
β,cdkµcd(x)ψβ,ν(x) must be antisymmetric in µ←→ ν (66.2)
ζβ,cdeαψβ,ν(x)Bµcde(x) must be antisymmetric in µ←→ ν. (66.3)
I also have the conservation law:
∂0ψα0(x)− ∂Mψα,M (y) = 0. (66.4)
The conservation law guarantees that the theory is locally supersymmetric.
The completely new feature of our theory is that the supersymmetry generator is given by
Ψα =
∫
Ψα0(x)d~x, (67)
that is, the space integral of the time component of the gravitino field. The tangent space energy-momentum
is given by
Pa =
∫
e0a(x)d~x, (68)
and the supersymmetry algebra is
{Ψα,Ψβ} = −2PaΓαβ,a + ξαβ,abcSabc + . . .
as is given in equation (56).
4 Discussion of the gravity equations
Here, I discuss the implications of the equations for the elfbein field eaµ(x) and the connection field k
ab
µ (x).
First, from equations (63.1) and (63.2), kabµ (x) is related to the usual connection field ω
ab
µ (x) as:
ωaµc =
i
2C
kaµc(x). (69)
Then equation (63.1) is the usual relation between the elfbein and the connection field, thus providing the
usual expression of the latter in terms of the former.
The next question is the general covariance of the equations. In deriving these equations, I assumed that I
could take a locally flat system at any point in the curved space-time. If I can write these equations in a
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generally covariant way, it would show that the equations are valid at any point in the curved space-time.
I assume that the background metric is not completely arbitrary but satisfies the equations derived above,
including the conservation equation for the eaµ(x). I denote the background field variables such as the elfbein
field by capping them with “ .˜”
g˜µν(x) = e˜
a
µ(x)e˜
a
ν(x). (70)
The summation over “a” must be understood to be in the Lorentzian tangent space.
The affine connection Γνµλ(x) is defined as usual:
I define
Γνµλ = e
ν
a(∂µe
a
λ + e
b
λω
a
µb). (71)
Then,
Γνµλ + Γ
ν
λµ = e
ν
a(∂µe
a
λ + ∂λe
a
µ), (72.1)
Γνµλ − Γνλµ = eνa(∂µeaλ + eλbωaµb − (µ←→ λ)) = 0, (72.2)
because
∂µe
a
ν − ∂νeaµ = −ωaµc(x)ecν(y) + ωaνc(x)ecµ(y),
and ebλω
a
µb is antisymmetric in µ←→ λ as is obtained in equation (63.3).
Equations (71), (72.1) and (72.2) must be true for the background metric by an assumption. The symmetric
nature of Γνµλ under µ, λ is enough to prove that for any tensor A
abc...
µ (x): B
abc...
µν (x) = ∂µA
abc...
ν (x) −
∂νA
abc...
µ (x) is a generally covariant antisymmetric tensor:
B′ abc ...µν (x
′) =
∂xρ
∂x′µ
∂xκ
∂x′ν
Babc...ρκ (x). (73)
All the equations which contain antisymmetric derivatives are, therefore, generally covariant. I also have
Γνµλ =
1
2
eνa(∂µe
a
λ + ∂λe
a
µ), η
µλΓνµλ = 0 (74)
DµA
µ = Dµg
µρAρ = g
µρDµAρ −→ ηµρDµAρ = (ηµν∂µ − ηµρΓµρ)Aν = 0 (75)
where “−→” means going to the flat metric at this point. This is because
(δµρ∂µ + Γ
µ
µρ)A
ρ = (∂µg
µρ + Γµµνg
νρ + Γρµνg
µν)Aρ + g
µρ(δνρ∂µ − Γνµρ)Aν . (76)
Here, I used
Dµg
µρ = ∂µg
µρ + Γµµνg
νρ + Γρµνg
µν = 0. (77)
This equation (75) holds for A
(abc... )
µ , because
(δµρ∂µ + Γ
µ
µρ + Ωρ)A
ρ,abc... ) = (δµρ∂µ + Γ
µ
µρ)A
ρ,abc... ) (78)
Ωρ, A
ρ,abc... ) = gρµΩρ, A
(abc... )
µ = 0. (79)
This concludes the proof that the conservation law is also generally covariant. The next question is to
examine the equations in connection with the usual Einstein-Hilbert theory. It is still not clear how the latter
is quantized. I start with
Dcd,abµkνab(x)−Dcd,abνkµab(x)
=
i
c
(ecµ(x)e
d
ν(x)− ecν(x)edµ(x))
− i
2c
{ηbcBνade − (a←→ b)}Bµcde(x)− (µ←→ ν)}
− i
2c
(χα
β,abψβ,γψα, µ(y)− (µ←→ ν)) (64.1)
with
Dcd, abµ = η
caηdb∂µ − i/2 C(ηbckµad − ηdakµcb) = ηcaηdb∂µ − (ηbcωµad − ηdaωµcb).
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Using equation (69), I have
Dcd,abµ ωνab(x)−Dcd,abν ωµab(x)
=
−1
2
(ecµ(x) e
d
ν(x)− ecν(x) edµ(x))
− 1
4
{ηbcBνabe − (a←→ b)Bµcde(x)− (µ←→ ν)}
+
1
2
{χαβ,abψβ,γψα,µ(y)− (µ←→ ν)}. (80)
Then by using the definition of the curvature tensor in terms of the spin tensor:
Rλσµν = e
λ
c e
d
σ(∂µ ω
c
νd(x) + ω
c
µb ω
b
dν(x)− (µ←→ ν). (81)
I get
Rλσµν = e
λ
c e
d
σ(∂µ ω
c
νd(x) + ωµb
c ωbdν(x)− (µ←→ ν))
=
1
2
(δλµ gνσ(x)− δµν gµσ(x)) + {ebλ edσ ωµad ωaνb(x)− (µ←→ ν)}
+
1
4
{(eλc eaσ − eaλ ecσ)BνcbeBµabe(x)− (µ←→ ν)}
− 1
2
eλc edσ(χα
β,cdψβ,νψα,µ(x)− (µ←→ ν)). (82)
Here, I used the definition of gµν(x) in terms of elfbein and also changed all the annihilation operators to
hermitian operators by:
e, B and Ψ −→ i (e, B and ψ). (83)
Finally I get,
Rσν = R
µ
σµν
=
D − 1
2
gνσ(x) + e
bµ edσ{ωµad ωaνb(x)− ωνad ωaµb(x)
+
1
4
{eµc eaσ − eaµ ecσ}{BνcbeBµabe(x)− (µ←→ ν)}
− 1
2
eµc edσ{χαβ,cd(ψβ,ν ψα,µ(x)− (µ←→ ν))}. (84)
The first term on the right hand side is the cosmological constant (anti de Sitter) which originates from
the contribution of elfbein field eaµ(x). The second term is a kind of back reaction (gravitational energy
contribution to the curvature). The third and the fourth terms are contributions from the bosonic gauge and
supersymmetry gauge fields. The equation is not exactly that of Einstein-Hilbert.
What it gives me when I take the classical limit of equation (84) is a major concern and it will be investigated
in future work.
5 Physical constants
I now discuss the physical constants which appear in this theory. The space-time coordinate xµ can be
treated as dimensionless by measuring in terms of fundamental length constant l. All the currents/fields are
assumed to be dimensionless. Then the commutation relations do not have any constants appearing explicitly.
The energy momentum tensor can be written as
~
l
∫
dx ΘMN (x) =
~
l
∫
dx[tr(ΩMΩN )− 1
2
ηMN tr(ΩLΩL)]. (85)
Then the equation of motion is
~
l
i∂xf = [f,
~
l
∫
dx(tr(ΩMΩN )− 1
2
ηMN tr(ΩLΩL))]. (86)
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Therefore, the factor ~1 disappears from the equation of motion completely. When I recover the space-time
coordinate with the dimension of length, I recover C, with
C = l11. (87)
Then the delta function commutator such as
[ecν(y)k
ab
0 (x)] |x0=Y0= (ηacebν(y)− ηbceaν(y))δ(~x− ~y)
must be modified to
[ecν(y)k
ab
0 (x)] |x0=y9 = (ηacebν(y)− ηbceaν(y)) l10δ(~x− ~y)
= (ηacebν(y)− ηbceaν(y))10/11δ(~x− ~y),
and
~
l
∫
dx [faM (x)f
a
N (x)−
1
2
ηMNf
a
L(x)f
a
L(x)]
must be changed to
~
C
∫
dx [faM (x)f
a
N (x)−
1
2
ηMNf
a
L(x)f
a
L(x)].
Einstein equation with physical constants becomes
Rσν = R
µ
σµν
=
D − 1
2l
gνσ(x) +
1
l
{ebµ edσ(ωµad ωaνb(x)− ωνad ωaµb(x))
+
1
4
(eµc e
a
σ − eaµ ecσ)(BνcbeBµabe(x)− (µ←→ ν))
− 1
2
eµc edσ(χα
β,cdψβ,ν ψα,µ(x)− (µ←→ ν))}. (88)
Define
Sσν =
~
lD
{ebµ edσ(ωµad ωaνb(x)− ωνad ωaµb(x))
+
1
4
(eµc e
a
σ − eaµ ecσ)(BνcbeBµabe(x)− (µ←→ ν))
− 1
2
eµc edσ(χα
β,cdψβ,ν ψα,µ(x)− (µ←→ ν))}. (89)
I get
Rσν = R
µ
σνν =
D − 1
l
gνσ(x) +
C
~l
Sσν =
D − 1
l
gνσ(x) +
lD−1
~
Sσν . (90)
ωµad has the dimension of 1/l by definition. Therefore, the above equation becomes
Rσν = R
µ
σµν =
D − 1
l2
gνσ(x) +
C
~l2
Sσν =
D − 1
l2
gνσ(x) +
lD−2
~
Sσν . (91)
Suppose this was the case of 4-dimensional space-time, I get
Rσν =
3
l2
gνσ(x) +
C
~l2
Sσν =
3
l2
gνσ(x) +
l2
~
Sσν . (92)
Suppose I use the Planck length for l : l =
√
G~, I get
Rσν − 3~G gνσ(x) = GSσν . (93)
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Sσν can be written as
Sσν =
~
lD
{ebµ edσ(ωµad ωaνb(x)− ωνad ωaµb(x)}
+
1
4
(euc e
a
σ − eaµ ecσ)(BνcbeBµabe(x)− (µ←→ ν))
− 1
2
eµc edσ(χα
β,cdψβ,ν ψα,µ(x)− (µ←→ ν))}
=
~
lD
{(ebµ edσ − edµ ebσ) ωµad ωaνb(x)
− 1
2
(−edµebσ + eµb edσ)Bµdfe(x)Bνbfe
− 1
2
(eµb edσ − eµdebσ)(χαβ,bdψβ,νψα,µ(x))}. (94)
Proof is as follows:
χα
β,bdψβ,ν ψα,µ(x) = −χαβ,bdCγβ ψα,µ(x) ψγ,ν
= χα
β,bdCγβCα ψδ,µ(x) ψγ,ν
= −Cδα χαβ,bdCγβ ψδ,µ(x) ψγ,ν
= −χδγ,bd ψδ,µ(x) ψγ,ν (95)
with
[Jab, Ψ
αCαγ ] = −Cβ χαβ,abCαγCδ Ψ (96)
and
Cβ χ
α
β,abCαγ = −χγ,ab. (97)
Finally,
Sσν =
~
lD
(ebµedσ − edµebσ){ωµad ωaνb(x)−
1
2
ηbbBµdfe(x)Bν
bfe − 1
2
ηbbηdd(χα
β,bdψβ,ν ψα,µ(x))}. (98)
This is not exactly the energy-momentum tensor Θµν(x) which I defined in equation (8) as the bilinear of
the current/field. The equivalence principle of the gravity is in this sense violated in the quantum level in
my formulation. What it means in the classical limit remains to be seen.
6 Nonlinear realization
No important role is played by the nonlinear realization of the currents/fields in the formulation of M-theory
using the current algebra as explained in the above sections. But I can write all the currents/fields in terms of
curved space-time scalars and possibly write down Lagrangian for these fields although I emphasize that it is
not at all needed. The fact that the nonlinear realization of the currents/fields leads to a σ-model Lagrangian
(tr
∫
∂µg
1∂µg dx) was pointed out long time ago by M. Yoshimura and the present author[9].
I start with
Ωµ(x) = g
−1∂µ g = exp(−φaTa) ∂µ exp(φaTa)
= ∂µ φ
aTa +
1
2
(∂µ φ
a) φb[Ta, Tb] +
1
6
(∂µ φ
a) φb φc[[Ta, Tb], Tc] + . . . . (99)
I apply this formula to the following currents/fields:
fµ
a(x) Ta = kµa
b(x)Kab +Bµ
abc(x)Rabc + . . . (100)
waµHa = e
a
µPa + ψα,µ(x) Ψa . . . (101)
g−1∂µ g = fµa(x) Ta + waµHa
= exp(−φaTa + φ˜Ha) ∂µ exp(φaTa + φ˜Ha). (102)
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The results are the following:
kµab(x) = ∂µ kab(x) +
1
2
(ηfc∂µ kaf kcb − ηde∂µ keb kad
− ηfd∂µ kaf kbd + ηce∂µ keb kca) + . . . (103)
eaµ = ∂µ φ
a + ηbc(∂µk
abφc − kab∂µ φc)− (∂µ ψαΓαβ,a ψβ − ψαΓαβ,a∂µ ψβ) + . . . (104)
Bµabc(x) = ∂µ Aabc + η
gh∂µ kag Ahbc + η
gd∂µ kag Acdb + η
ge∂µ kag Abce + . . . (105)
ψµ
α = ∂µ ψ
α +
1
2
χαβ,ab(∂µ k
abψβ − kab∂µ ψβ)
+
1
2
ζαβ,abc(∂µ A
abc ψβ −Aabc∂µ ψβ) + . . . . (106)
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Appendix: Calculation of χβα,ab
χβα,ab is defined by
[Jab, Ψ
α] = χαβ,abΨ
β . (A1)
Here,
Jab =
−i
4
[Γa, Γb] (A2)
where Γ are Dirac Matrices.
I start with creation and annihilation operators
{Γa+, Γb−} = δab, {Γa+, Γb+} = {Γa−, Γb−} = 0, for a, b = 0, 1, 2, 3, 4, (A3)
then
Γ0 = Γ0+ + Γ0−
Γ1 = Γ0+ + Γ0−
Γ2a = Γa+ + Γa−
Γ2a+1 = i (Γa+ − Γa−) for a = 1, 2, 3, 4
Γ10 = Γ0Γ1 . . .Γ9. (A4)
Spinor representation is given by
Ψα = (Γ0+)
α0+1/2(Γ1+)
α1+1/2 . . . (Γ4+)
α4+1/2, αa = ±1
2
, α = {α0, α1, α2, α3, α4}.
Define
Ja+, b+ ==
−i
2
Γa+Γb+, Ja−, b− ==
−1
2
Γa−Γb−
Ja+, b− ==
−1
2
(Γa+Γb− − 1
2
δab), Ja−, b+ ==
−i
2
(Γa−Γb+ − 1
2
δab), (A5)
then
[Ja±,b±, Ψα] = [Γa±Γb±, Ψα] = Γa±{Γb±, Ψα} − {Γa±, Ψα}Γb±. (A6)
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I get, for example,
[Ja+,b+, Ψα] = Γa+{Γb+, Ψα} − {Γa+, Ψα}Γb+,
[Ja+,b−, Ψα] = Γa+{Γb−, Ψα} − {Γa+, Ψα}Γb−. (A7)
Here, {Γa±,Ψα} are given by
{Γa±, Ψα} = {Γa±, (Γ0+)α0+1/2(Γ1+)α1+1/2 . . . (Γ4+)α4+1/2}
= {Γa±, (Γ0+)α0+1/2}(Γ1+)α1+1/2 . . . (Γ4+)α4+1/2
− (Γ0±)α0+1/2[Γa±, (Γ1+)α1+1/2 . . . (Γ4+)α4+1/2]. (A8)
The right hand side contains
[Γa±, (Γ1+)α1+1/2 . . . (Γ4+)α4+1/2]
= {Γa±, (Γ1+)α1+1/2}(Γ2+)α2+1/2 . . . (Γ4+)α4+1/2
− (Γ1+)α1+1/2{Γa±, (Γ2+)α2+1/2 . . . (Γ4+)α4+1/2}.
The right hand side of this equation contains
{Γa±, (Γ2+)α2+1/2 . . . (Γ4+)α4+1/2}
= {Γa±, (Γ2+)α2+1/2}(Γ3+)α3+1/2(Γ4+)α4+1/2
− (Γ2+)α2+1/2[Γa±, (Γ3+)α3+1/2(Γ4+)α4+1/2]. (A10)
And finally,
[Γa±,(Γ3+)α3+1/2(Γ4+)α4+1/2]
= {Γa±, (Γ3+)α3+1/2}(Γ4+)α4+1/2 − (Γ3+)α3+1/2{Γa±, (Γ4+)α4+1/2}.
Generally, I have
{Γa+, (Γb+)αa+1/2} = 2δα,−1/2Γα+,
{Γa−, (Γb+)α+1/2} = δα,1/2δa,b + 2δα,−1/2Γa−. (A11)
I start with
α = {α0, α1, α2, α3, α4} = {1/2, 1/2, 1/2, 1/2, 1/2} that is Ψα = (Γ0+)(Γ1+) . . . (Γ4+). (A12)
Obviously,
[Ja+,b+, Ψα] = 0,
and
[Ja+,b−, Ψα] = Γa+{Γb−,Ψα} = δab Ψα
[Ja−,b+, Ψα] = Γa−{Γb+,Ψα} − {Γa−,Ψα}Γb+ = −{Γa−,Ψα}Γb+
= −δab Ψα
[Ja−,b−, Ψα] = Γa−{Γb−,Ψα} − {Γa−,Ψα}Γb− = Γa−Γb−Ψα
= (−1)b(−1)a+θ(a−b) Ψα{a−, b−}. (A13)
Here, the notation α{a−, b−} means α = {α0, α1, α2, α3, α4} that with αa −→ αa − 1/2, αb − 1/2 αb −→
αb − 1/2, and other α’s unchanged. Therefore Ψ vanishes unless both αa = 1/2 and αb = 1/2. α{a+, b+}
can be defined similarly. Ψ also vanishes if a = b.
Generally,
[Ja+,b−, Ψα] = Γa+Γb+Ψα −ΨαΓa+Γb+
= {(−1)Nα(b)+Nα(b+)(a) − (−1)Ma(a)+Mα(a+)(b)} δαa+1/2,0 δαb+1/2,0 Ψα(a+,b+). (A14)
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Here, Nα(a) indicates the number of creation operators in the state α sitting on the left of the creation
operator a+, and Mα(a) means the number of creation operators in the state α sitting on the right of the
creation operator a+. α(a+) is the state with α = {α0, α1, α3, α4}, αa −→ αa + 1/2 and other α’s are
unchanged.
[Ja−,b+,Ψα] = Γa−Γb+Ψα −ΨαΓa−Γb+
= (−1)Nα(b)+Nα(b+)(a)δαa−1/2, 0δαb+1/2, 0Ψα(a−, b+) − δa,bΨα
[Ja+,b−,Ψα] = Γa+Γb−Ψα −ΨαΓa+Γb−
= (−1)Nα(b)+Nα(b+)(a)δαa+1/2, 0δαb−1/2, 0Ψα(a+ b−) + δa,bΨα
[Ja−,b−,Ψα] = Γa−Γb−Ψα = (−1)Nα(b)+Nα(b−)(a)δαa−1/2, 0δαb−1/2, 0Ψα(a−, b−). (A15)
So far I have been discussing SO(9, 1) generators. To go to SO(10, 1) I must add, J10,a± and Ja±,10 which are
given by Γ10Γa+ and Γa+Γ10 respectively, with Γ10 = Γ0Γ1 . . .Γ9 = 32 S0S1S2S3S4. Here, Sa = Γa+Γa−−1/2.
[J10,a+, Ψα] = Γ10Γa+Ψα −ΨαΓ10Γa+ = Γ10Γa+Ψα
= {(−1)Nc(a)+1(−1)Na(a) + (−1)Mα(a)}δαa+1/2, 0Ψα(a+)
[J10,a−,Ψα] = Γ10Γa−Ψα −ΨαΓ10Γa− = Γ10Γa−Ψα
= (−1)Nc(a)+1(−1)Na(a)δαa−1/2, 0Ψα(a−). (A16)
In summary,
χα(a+,b+)α ; a+, b+
= {(−1)Nα(b)+Nα(b+)(a) − (−1)Mα(a)+Mα(a+)(b)} δαa+1/2, 0 δαb+1/2, 0
χα(a−,b+)α ; a−, b+
= (−1)Nα(b)+Nα(b+)(a) δαa−1/2, 0 δαb+1/2, 0, (a 6= b), χαα; a−, a+ = −1
χα(a+,b−)α ; a+, b−
= (−1)Nα(b)+Nα(b+)(a) δαa+1/2, 0 δαb−1/2, 0 Ψα(a+,b−), (a 6= b), χαα; a+, a− = −1
χα(a−,b−)α ; a−, b− = (−1)Nα(b)+Nα(b−)(a) δαa−1/2, 0 δαb−1/2, 0
χα(a+)α ; 10, a+ = {(−1)Nc(a)+1(−1)Nα(a) + (−1)Mα(a)δαa+1/2, 0
χα(a−)α ; 10, a− = (−1)Nα(b)+Nα(b−)(a)δαa−1/2, 0δαb−1/2, 0. (A17)
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